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• Razão Cruzada

<latexit sha1_base64="yhBGrvbCJhJI8weXZ454i3J62Is=">AAACAnicdVDLSsNAFJ3UV62vqCtxM1iEChISLdYiQttsXFawttCGMplO2qGTBzMToYTgxl9x40IRt36FO//G6UPweeDC4Zx7ufceN2JUSNN81zJz8wuLS9nl3Mrq2vqGvrl1LcKYY9LAIQt5y0WCMBqQhqSSkVbECfJdRpru0B77zRvCBQ2DKzmKiOOjfkA9ipFUUlffKVQPYe0M2gfwHHY8jnBStdOkZqddPW8a5VL5uGjC38QyzAnyYIZ6V3/r9EIc+ySQmCEh2pYZSSdBXFLMSJrrxIJECA9Rn7QVDZBPhJNMXkjhvlJ60Au5qkDCifp1IkG+ECPfVZ0+kgPx0xuLf3ntWHqnTkKDKJYkwNNFXsygDOE4D9ijnGDJRoogzKm6FeIBUjlIlVpOhfD5KfyfXB8Z1olRvCzmK7VZHFmwC/ZAAVigBCrgAtRBA2BwC+7BI3jS7rQH7Vl7mbZmtNnMNvgG7fUD1juVOg==</latexit>

(A,B;C) =
AC

BC
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A C B D<latexit sha1_base64="a/NpJIpTIz6XTXmlgOrW/WX3v/g="></latexit>

(A,B;C,D) =
(A,B;C)

A,B;D
=

AC.BD

BC.AD
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<latexit sha1_base64="zdlyjzFN/wT9rCr96qIAq1x5ifA=">AAACE3icdVDLSgMxFM3UV62vqks3wSK2UspUi7UUoa+Fywr2Ae1YMmmmDc08SDJCGfoPbvwVNy4UcevGnX9jpq3g80C4J+fcS3KP6TEqpK6/a5GFxaXllehqbG19Y3Mrvr3TFK7PMWlgl7m8bSJBGHVIQ1LJSNvjBNkmIy1zVA391g3hgrrOlRx7xLDRwKEWxUgqqRc/SpbTsFKE1TSspeA5TJavg8OJksJSrM4utbCkevGEninkCyc5Hf4m2Yw+RQLMUe/F37p9F/s2cSRmSIhOVvekESAuKWZkEuv6gngIj9CAdBR1kE2EEUx3msADpfSh5XJ1HAmn6teJANlCjG1TddpIDsVPLxT/8jq+tM6MgDqeL4mDZw9ZPoPShWFAsE85wZKNFUGYU/VXiIeIIyxVjDEVwuem8H/SPM5kTzO5y1yiVJnHEQV7YB8kQRbkQQlcgDpoAAxuwT14BE/anfagPWsvs9aINp/ZBd+gvX4AgTWZpQ==</latexit>
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0
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0
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Permutações
<latexit sha1_base64="9IL1CH/UNSNV2WVBnAmQLJM4QZQ="></latexit>

r = (A,B;C,D) = (B,A;D,C) = (D,C;B,A) = (C,D;A,B)

<latexit sha1_base64="fpltqoOmEjliD8gp79jZR2amnk4=">AAAB/nicdVDLSsNAFJ34rPUVFVduBotQoZREi7WIUFsXLivYB7ShTKaTduhkEmYmQgkBf8WNC0Xc+h3u/BunD8HngQuHc+7l3nvckFGpLOvdmJtfWFxaTq2kV9fWNzbNre2GDCKBSR0HLBAtF0nCKCd1RRUjrVAQ5LuMNN1hdew3b4mQNOA3ahQSx0d9Tj2KkdJS19zNXuQqZ5e56uF5xxMIx3YSi6RrZqx8qVg6LljwN7Hz1gQZMEOta751egGOfMIVZkjKtm2FyomRUBQzkqQ7kSQhwkPUJ21NOfKJdOLJ+Qk80EoPeoHQxRWcqF8nYuRLOfJd3ekjNZA/vbH4l9eOlHfqxJSHkSIcTxd5EYMqgOMsYI8KghUbaYKwoPpWiAdIp6B0Ymkdwuen8H/SOMrbJ/nCdSFTrsziSIE9sA+ywAZFUAZXoAbqAIMY3INH8GTcGQ/Gs/EybZ0zZjM74BuM1w9+KpSc</latexit>

(A,B;D,C) =
1

r

<latexit sha1_base64="1SRc6ncFUpc2mZHKjig4QXUaFc8=">AAAB9HicdVDLSgMxFM3UV62vqks3wSJUqMOMFmsRobYuXFawD2iHkkkzbWgmMyaZQhn6HW5cKOLWj3Hn35g+BJ8HLhzOuZd773FDRqWyrHcjsbC4tLySXE2trW9sbqW3d+oyiAQmNRywQDRdJAmjnNQUVYw0Q0GQ7zLScAeVid8YEiFpwG/VKCSOj3qcehQjpSUne5mrnJdzV4cX9pHopDOWWSwUT/IW/E1s05oiA+aodtJv7W6AI59whRmSsmVboXJiJBTFjIxT7UiSEOEB6pGWphz5RDrx9OgxPNBKF3qB0MUVnKpfJ2LkSznyXd3pI9WXP72J+JfXipR35sSUh5EiHM8WeRGDKoCTBGCXCoIVG2mCsKD6Voj7SCCsdE4pHcLnp/B/Uj827VMzf5PPlMrzOJJgD+yDLLBBAZTANaiCGsDgDtyDR/BkDI0H49l4mbUmjPnMLvgG4/UDD0SQYA==</latexit>

(A,C;B,D) = 1� r

<latexit sha1_base64="bct/P5nRIbxoxC2houMBgCZLzkw=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqDECEOMxqMQYSYePAYwSyQDKGn05M06Vno7hHCMBd/xYsHRbz6Gd78GzuL4Pqg4PFeFVX1nJBRIU3zXUvNzS8sLqWXMyura+sb+uZWQwQRx6SOAxbwloMEYdQndUklI62QE+Q5jDSdYXXsN28JFzTwb+QoJLaH+j51KUZSSV19J3eRvzyr5isH5x2XIxzzJOaHVtLVs6ZRKpaOCyb8TSzDnCALZqh19bdOL8CRR3yJGRKibZmhtGPEJcWMJJlOJEiI8BD1SVtRH3lE2PHkgQTuK6UH3YCr8iWcqF8nYuQJMfIc1ekhORA/vbH4l9eOpHtqx9QPI0l8PF3kRgzKAI7TgD3KCZZspAjCnKpbIR4glYNUmWVUCJ+fwv9J48iwTozCdSFbrsziSINdsAdywAJFUAZXoAbqAIME3INH8KTdaQ/as/YybU1ps5lt8A3a6wfIFpVP</latexit>

(A,D;C,B) =
r

r � 1
<latexit sha1_base64="BcdFJ4HfqdjUqxgkXS5y32s3IHA=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqDECEOMxqMQYSYePAYwSyQDKGn05M06Vno7hHCMBd/xYsHRbz6Gd78GzuL4Pqg4PFeFVX1nJBRIU3zXUvNzS8sLqWXMyura+sb+uZWQwQRx6SOAxbwloMEYdQndUklI62QE+Q5jDSdYXXsN28JFzTwb+QoJLaH+j51KUZSSV19J3eRr55d5isH5x2XIxxbSWwd8qSrZ02jVCwdF0z4m1iGOUEWzFDr6m+dXoAjj/gSMyRE2zJDaceIS4oZSTKdSJAQ4SHqk7aiPvKIsOPJAwncV0oPugFX5Us4Ub9OxMgTYuQ5qtNDciB+emPxL68dSffUjqkfRpL4eLrIjRiUARynAXuUEyzZSBGEOVW3QjxAKgepMsuoED4/hf+TxpFhnRiF60K2XJnFkQa7YA/kgAWKoAyuQA3UAQYJuAeP4Em70x60Z+1l2prSZjPb4Bu01w9jiJUO</latexit>

(A,C;D,B) =
1

1� r

<latexit sha1_base64="NKqzPSDXu2qbL2hZXmRR+/bi3uU=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqDECEOMxqMQYSYePAYwSyQDKGn05M06Vno7hHCMBd/xYsHRbz6Gd78GzuL4Pqg4PFeFVX1nJBRIU3zXUvNzS8sLqWXMyura+sb+uZWQwQRx6SOAxbwloMEYdQndUklI62QE+Q5jDSdYXXsN28JFzTwb+QoJLaH+j51KUZSSV19J3eRvzyr5KsH5x2XIxzzQyuJedLVs6ZRKpaOCyb8TSzDnCALZqh19bdOL8CRR3yJGRKibZmhtGPEJcWMJJlOJEiI8BD1SVtRH3lE2PHkgQTuK6UH3YCr8iWcqF8nYuQJMfIc1ekhORA/vbH4l9eOpHtqx9QPI0l8PF3kRgzKAI7TgD3KCZZspAjCnKpbIR4glYNUmWVUCJ+fwv9J48iwTozCdSFbrsziSINdsAdywAJFUAZXoAbqAIME3INH8KTdaQ/as/YybU1ps5lt8A3a6wfGWpVP</latexit>

(A,D;B,C) =
r � 1

r



Seções cônicas
• A,B,C, D pontos numa seção cônica, (EA,EB,EC,ED) independe 

de E na seção.

• Teorema de Pascal
A

B

C

D

E

F



Möbius
<latexit sha1_base64="eiQQ622JKW7c992twN8j7JgWUck=">AAACDXicdVDLSgMxFM3UV62vqks3wSpUqmWqxdqFUHTjsoJ9QGcomUymDc1kxiQjtEN/wI2/4saFIm7du/NvTB+CzwMXDufcy733OCGjUpnmu5GYmZ2bX0guppaWV1bX0usbdRlEApMaDlggmg6ShFFOaooqRpqhIMh3GGk4vfOR37ghQtKAX6l+SGwfdTj1KEZKS+30jpcd7J1ankA4RoOcM4zxIOcO9yFyDxwMLU6uodlOZ8x8uVQ+KprwNynkzTEyYIpqO/1muQGOfMIVZkjKVsEMlR0joShmZJiyIklChHuoQ1qacuQTacfjb4ZwVysu9AKhiys4Vr9OxMiXsu87utNHqit/eiPxL68VKe/EjikPI0U4nizyIgZVAEfRQJcKghXra4KwoPpWiLtIJ6N0gCkdwuen8H9SP8wXjvPFy2KmcjaNIwm2wDbIggIogQq4AFVQAxjcgnvwCJ6MO+PBeDZeJq0JYzqzCb7BeP0As+aauQ==</latexit>

f(z) =
az + b

cz + d
, ad� bc 6= 0

Se f fixar 3 pontos na esfera de Riemann, então f=Id

f preserva razão cruzada



<latexit sha1_base64="kIdBuPB/o1NDtRnSb6c2qFsGwys="></latexit>

[z1, z2, z3, z4] :=
(z3 � z1)(z4 � z2)

(z2 � z1)(z4 � z3)

Duas triplas na espera de Riemann, então existe única  
Möbius que 

<latexit sha1_base64="rqQC1qJjQ4C8yPfnE23o+QlZBCs=">AAACB3icdVDLSgMxFM3UV62vUZeCBItQoZSZWmq7K7pxWcE+oB2GTJppQzMPkoylHbpz46+4caGIW3/BnX9jpq3g80DCuefcS3KPEzIqpGG8a6ml5ZXVtfR6ZmNza3tH391riiDimDRwwALedpAgjPqkIalkpB1ygjyHkZYzvEj81g3hggb+tRyHxPJQ36cuxUgqydYPcxPbzMOJXUyu05M8zI2UMFL1SJW2njUK1XKpalTgb2IWjBmyYIG6rb91ewGOPOJLzJAQHdMIpRUjLilmZJrpRoKECA9Rn3QU9ZFHhBXP9pjCY6X0oBtwdXwJZ+rXiRh5Qow9R3V6SA7ETy8R//I6kXQrVkz9MJLEx/OH3IhBGcAkFNijnGDJxoogzKn6K8QDxBGWKrqMCuFzU/g/aRYLZrlQuipla+eLONLgAByBHDDBGaiBS1AHDYDBLbgHj+BJu9MetGftZd6a0hYz++AbtNcPMx6WYw==</latexit>

(z1, z2, z3), (w1, w2, w3)

<latexit sha1_base64="p1QHgVTdPnql/cWZt5ePFmACoKA=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIR4GSYSYnIQgl48RjALJsPQ0+lJmvT0DN09ShzyF148KOLVv/Hm39hZBNcHBY/3qqiq58ecKe0479bC4tLyympmLbu+sbm1ndvZbaookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH55P/NYNlYpF4kqPYuqGuC9YwAjWRroOCnceOzq99ZiXyzt2tVyqOhX0mxRtZ4o8zFH3cm/dXkSSkApNOFaqU3Ri7aZYakY4HWe7iaIxJkPcpx1DBQ6pctPpxWN0aJQeCiJpSmg0Vb9OpDhUahT6pjPEeqB+ehPxL6+T6KDipkzEiaaCzBYFCUc6QpP3UY9JSjQfGYKJZOZWRAZYYqJNSFkTwuen6H/SPLaLZbt0WcrXzuZxZGAfDqAARTiBGlxAHRpAQMA9PMKTpawH69l6mbUuWPOZPfgG6/UDaNSQyA==</latexit>

f(zi) = wi

<latexit sha1_base64="od5WnmCJLCWlcxh6xnDGBdlFEF4="></latexit>

h(z) := [z1, z2, z, z3], g(z) = [w1, w2, z, w3]

<latexit sha1_base64="rrqM3O7J1GarLPwY/G6hNAznynY=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaLUBeWREptF0LRjcsK9gFtDJPppB06mYSZiVJDNv6KGxeKuPUz3Pk3Th+CzwMXDufcy733eBGjUlnWu5GZm19YXMou51ZW19Y3zM2tpgxjgUkDhywUbQ9JwignDUUVI+1IEBR4jLS84dnYb10TIWnIL9UoIk6A+pz6FCOlJdfc6V8lh3baxVRgOICFW5cenNy41DXzVrFaLlWtCvxN7KI1QR7MUHfNt24vxHFAuMIMSdmxrUg5CRKKYkbSXDeWJEJ4iPqkoylHAZFOMnkghfta6UE/FLq4ghP160SCAilHgac7A6QG8qc3Fv/yOrHyK05CeRQrwvF0kR8zqEI4TgP2qCBYsZEmCAuqb4V4gATCSmeW0yF8fgr/J82jol0uli5K+drpLI4s2AV7oABscAxq4BzUQQNgkIJ78AiejDvjwXg2XqatGWM2sw2+wXj9AKN/ldU=</latexit>

g�1 � h(zi) = wi

<latexit sha1_base64="SUEfA1AN6tu0uMcY8ZEmEO2UiL8=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadmVEJNb0IvHBEwMJEuYnfQmY2ZnlplZISz5Ai8eFPHqJ3nzb5w8BJ8FDUVVN91dYcKZNp737uRWVtfWN/Kbha3tnd294v5BW8tUUWhRyaXqhEQDZwJahhkOnUQBiUMON+H4cubf3IHSTIprM0kgiMlQsIhRYqzUlP1iyXNrlXLNq+LfxHe9OUpoiUa/+NYbSJrGIAzlROuu7yUmyIgyjHKYFnqphoTQMRlC11JBYtBBNj90ik+sMsCRVLaEwXP160RGYq0ncWg7Y2JG+qc3E//yuqmJqkHGRJIaEHSxKEo5NhLPvsYDpoAaPrGEUMXsrZiOiCLU2GwKNoTPT/H/pH3m+hW33CyX6hfLOPLoCB2jU+Sjc1RHV6iBWogiQPfoET05t86D8+y8LFpzznLmEH2D8/oBd/uNaA==</latexit>o <latexit sha1_base64="5YCAIPKEwHZN1tkdyeGaW8lGY7c=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmYkxOQW9OIxARMDyRB6OjVJm56F7h4hDPkCLx4U8eonefNv7CyC64OCx3tVVNXzE8GVdpx3K7eyura+kd8sbG3v7O4V9w/aKk4lwxaLRSw7PlUoeIQtzbXATiKRhr7AG398OfNv7lAqHkfXepKgF9JhxAPOqDZS0+0XS45dq5RrTpX8Jq7tzFGCJRr94ltvELM0xEgzQZXquk6ivYxKzZnAaaGXKkwoG9Mhdg2NaIjKy+aHTsmJUQYkiKWpSJO5+nUio6FSk9A3nSHVI/XTm4l/ed1UB1Uv41GSaozYYlGQCqJjMvuaDLhEpsXEEMokN7cSNqKSMm2yKZgQPj8l/5P2me1W7HKzXKpfLOPIwxEcwym4cA51uIIGtIABwj08wpN1az1Yz9bLojVnLWcO4Rus1w8aA40q</latexit>

1
<latexit sha1_base64="Tkd3+f5hSJbQrsIcyhfmnmEDiDM=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmYkxOQW9OIxglkgGUJPpydp09M9dNcIQ8g/ePGgiFf/x5t/Y2cRXB8UPN6roqpemAhuwPPendzK6tr6Rn6zsLW9s7tX3D9oGZVqyppUCaU7ITFMcMmawEGwTqIZiUPB2uH4cua375g2XMkbyBIWxGQoecQpASu1elxGkPWLJc+tVco1r4p/E9/15iihJRr94ltvoGgaMwlUEGO6vpdAMCEaOBVsWuilhiWEjsmQdS2VJGYmmMyvneITqwxwpLQtCXiufp2YkNiYLA5tZ0xgZH56M/Evr5tCVA0mXCYpMEkXi6JUYFB49joecM0oiMwSQjW3t2I6IppQsAEVbAifn+L/SevM9Stu+bpcql8s48ijI3SMTpGPzlEdXaEGaiKKbtE9ekRPjnIenGfnZdGac5Yzh+gbnNcPYZWPsQ==</latexit>1

<latexit sha1_base64="YJcn4qsPG0H5lOzYRBbLiGKCWlE=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPw4yEmNyCXjxGNAskQ+jp9CRNerqH7h4hDvkELx4U8eoXefNv7CyC64OCx3tVVNULE8608bx3Z2l5ZXVtPbeR39za3tkt7O03tUwVoQ0iuVTtEGvKmaANwwyn7URRHIectsLRxdRv3VKlmRQ3ZpzQIMYDwSJGsLHS9V3P7xWKnlstl6peBf0mvuvNUIQF6r3CW7cvSRpTYQjHWnd8LzFBhpVhhNNJvptqmmAywgPasVTgmOogm506QcdW6aNIKlvCoJn6dSLDsdbjOLSdMTZD/dObin95ndRElSBjIkkNFWS+KEo5MhJN/0Z9pigxfGwJJorZWxEZYoWJsenkbQifn6L/SfPU9ctu6apUrJ0v4sjBIRzBCfhwBjW4hDo0gMAA7uERnhzuPDjPzsu8dclZzBzANzivH64Tjhc=</latexit>z1
<latexit sha1_base64="xNAd5aW3SUCKNMFIRhC83LvMJnM=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiSl1HZXdOOyon1AG8pkOmmHTiZhZiLU0E9w40IRt36RO//GaVrB54ELh3Pu5d57/JgzpR3n3cqtrK6tb+Q3C1vbO7t7xf2DtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ycXc79xSqVgkbvQ0pl6IR4IFjGBtpOu7QXlQLDl2vVqpOzX0m7i2k6EESzQHxbf+MCJJSIUmHCvVc51YeymWmhFOZ4V+omiMyQSPaM9QgUOqvDQ7dYZOjDJEQSRNCY0y9etEikOlpqFvOkOsx+qnNxf/8nqJDmpeykScaCrIYlGQcKQjNP8bDZmkRPOpIZhIZm5FZIwlJtqkUzAhfH6K/iftsu1W7cpVpdQ4X8aRhyM4hlNw4QwacAlNaAGBEdzDIzxZ3Hqwnq2XRWvOWs4cwjdYrx+vl44Y</latexit>z2

<latexit sha1_base64="aPv15VY8zoXOuckm71viPcBaF4I=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiQaarsrunFZ0T6gDWUynbRDJ5MwMxFq6Ce4caGIW7/InX/j9CH4PHDhcM693HtPkHCmtOO8W7ml5ZXVtfx6YWNza3unuLvXVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01Ywupj6rVsqFYvFjR4n1I/wQLCQEayNdH3XO+0VS45dLXtVp4J+E9d2ZijBAvVe8a3bj0kaUaEJx0p1XCfRfoalZoTTSaGbKppgMsID2jFU4IgqP5udOkFHRumjMJamhEYz9etEhiOlxlFgOiOsh+qnNxX/8jqpDit+xkSSairIfFGYcqRjNP0b9ZmkRPOxIZhIZm5FZIglJtqkUzAhfH6K/ifNE9st296VV6qdL+LIwwEcwjG4cAY1uIQ6NIDAAO7hEZ4sbj1Yz9bLvDVnLWb24Rus1w+xG44Z</latexit>z3



<latexit sha1_base64="LyqaGHvSe2zb027JLQCophn9Y/o=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgQkJSQ213RTcuK9gHpCFMppN26OTBzERsQ3/FjQtF3Poj7vwbJ20FnwcOHM65l7lz/IRRIU3zXSusrK6tbxQ3S1vbO7t7+n65I+KUY9LGMYt5z0eCMBqRtqSSkV7CCQp9Rrr++DLPu7eECxpHN3KSEDdEw4gGFCOpLE8vO1PPOp16VcUzRdsteXrFNBo1u2HW4W9hGeYcFbBEy9Pf+oMYpyGJJGZICMcyE+lmiEuKGZmV+qkgCcJjNCSOkhEKiXCz+e0zeKycAQxirhhJOHe/bmQoFGIS+moyRHIkfma5+VfmpDKouxmNklSSCC8eClIGZQzzIuCAcoIlmyiBMKfqVohHiCMsVV15CZ8/hf+LTtWwaoZ9bVeaF8s6iuAQHIETYIFz0ARXoAXaAIM7cA8ewZM20x60Z+1lMVrQljsH4Bu01w8yLpNI</latexit>

[z1, z2, z3, z4] é real, se somente se, os pontos pertencem a um círculo ou reta

Modelo de Poincaré, Geometria hiperbólica

<latexit sha1_base64="RCPTCU0acWMO1x79S7fLfsMhIhc=">AAACCXicdVDLSgMxFM3UV62vUZdugkWomzKVUtuCUuym7irYB3SGkknTNjSTGZKM0A7duvFX3LhQxK1/4M6/MdNW8HngwuGce7n3HjdgVCrLejcSS8srq2vJ9dTG5tb2jrm715R+KDBpYJ/5ou0iSRjlpKGoYqQdCII8l5GWO6rGfuuGCEl9fq3GAXE8NOC0TzFSWuqasFY+s6MJtCmHtofU0HWj6rQML73M5PjcsqddM21lS4V8ySrC3ySXtWZIgwXqXfPN7vk49AhXmCEpOzkrUE6EhKKYkWnKDiUJEB6hAeloypFHpBPNPpnCI630YN8XuriCM/XrRIQ8KceeqzvjY+VPLxb/8jqh6hediPIgVITj+aJ+yKDyYRwL7FFBsGJjTRAWVN8K8RAJhJUOL6VD+PwU/k+aJ9lcIZu/yqcrF4s4kuAAHIIMyIFTUAE1UAcNgMEtuAeP4Mm4Mx6MZ+Nl3powFjP74BuM1w+W/ZkK</latexit>

H := {z 2 C : Im(z) > 0}
<latexit sha1_base64="ds6AwNpPoAhbJxG5C0x9YnZmmrA=">AAAB/nicdVDLSsNAFJ34rPUVFVduBotQNyGRUtuFUHSjuwr2AW0ok8mkHTqZhJmJ0KYFf8WNC0Xc+h3u/BunD8HngQuHc+7l3nu8mFGpbPvdWFhcWl5Zzaxl1zc2t7bNnd26jBKBSQ1HLBJND0nCKCc1RRUjzVgQFHqMNLz+xcRv3BIhacRv1CAmboi6nAYUI6Wljrnvy7N2IBBOR/5wNE6vwvzweNwxc7ZVLhbKdgn+Jo5lT5EDc1Q75lvbj3ASEq4wQ1K2HDtWboqEopiRcbadSBIj3Edd0tKUo5BIN52eP4ZHWvFhEAldXMGp+nUiRaGUg9DTnSFSPfnTm4h/ea1EBSU3pTxOFOF4tihIGFQRnGQBfSoIVmygCcKC6lsh7iEdhtKJZXUIn5/C/0n9xHKKVuG6kKucz+PIgANwCPLAAaegAi5BFdQABim4B4/gybgzHoxn42XWumDMZ/bANxivHx6FlkU=</latexit>

ds =
|dz|

Im(z)

<latexit sha1_base64="knahfdmd82Iz0Q9ABC2eTTBhReU="></latexit>

g(z) =
az + b

cz + d
, a, b, c, d 2 R, ad� bc > 0

<latexit sha1_base64="GRdhQrWcNkRSWlClsxb4v41cWUg=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmYkxOQW9OIxAbNAMoSeTk3Spmehu0eIIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNuZVZW19Y3spu5re2d3b38/kFTxalk2GCxiGXbpwoFj7ChuRbYTiTS0BfY8keXM791i1LxOLrW4wS9kA4iHnBGtZHqd718wbErpWLFKZPfxLWdOQqwRK2Xf+v2Y5aGGGkmqFId10m0N6FScyZwmuumChPKRnSAHUMjGqLyJvNDp+TEKH0SxNJUpMlc/ToxoaFS49A3nSHVQ/XTm4l/eZ1UB2VvwqMk1RixxaIgFUTHZPY16XOJTIuxIZRJbm4lbEglZdpkkzMhfH5K/ifNM9st2cV6sVC9WMaRhSM4hlNw4RyqcAU1aAADhHt4hCfrxnqwnq2XRWvGWs4cwjdYrx+Ip41z</latexit>z
<latexit sha1_base64="kxWqbs3ZzMJN6r3riSsTvm1GFDQ=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmYkxOQW9OIxAbNAMoSeTk3Spmehu0cJIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNuZVZW19Y3spu5re2d3b38/kFTxalk2GCxiGXbpwoFj7ChuRbYTiTS0BfY8keXM791i1LxOLrW4wS9kA4iHnBGtZHqd718wbErpWLFKZPfxLWdOQqwRK2Xf+v2Y5aGGGkmqFId10m0N6FScyZwmuumChPKRnSAHUMjGqLyJvNDp+TEKH0SxNJUpMlc/ToxoaFS49A3nSHVQ/XTm4l/eZ1UB2VvwqMk1RixxaIgFUTHZPY16XOJTIuxIZRJbm4lbEglZdpkkzMhfH5K/ifNM9st2cV6sVC9WMaRhSM4hlNw4RyqcAU1aAADhHt4hCfrxnqwnq2XRWvGWs4cwjdYrx+EG41w</latexit>w

<latexit sha1_base64="5p4XeV6iAYKGmlOENozUEhdFc5I=">AAAB6nicdVDLSsNAFL2pr1pfVZduBosgLkIioba7ohuXFe0D2lAm00k7dDIJMxOhhn6CGxeKuPWL3Pk3Th+CzwMXDufcy733BAlnSjvOu5VbWl5ZXcuvFzY2t7Z3irt7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fo4up37qlUrFY3OhxQv0IDwQLGcHaSNd3vZNeseTY1bJXdSroN3FtZ4YSLFDvFd+6/ZikERWacKxUx3US7WdYakY4nRS6qaIJJiM8oB1DBY6o8rPZqRN0ZJQ+CmNpSmg0U79OZDhSahwFpjPCeqh+elPxL6+T6rDiZ0wkqaaCzBeFKUc6RtO/UZ9JSjQfG4KJZOZWRIZYYqJNOgUTwuen6H/SPLXdsu1deaXa+SKOPBzAIRyDC2dQg0uoQwMIDOAeHuHJ4taD9Wy9zFtz1mJmH77Bev0Ao3eOEA==</latexit>z⇤
<latexit sha1_base64="1MT6X3TffJ+AzR6lOeaA+bTLG6g=">AAAB6nicdVDLSsNAFL2pr1pfVZduBosgLkIioba7ohuXFe0D2lAm00k7dDIJMxOlhH6CGxeKuPWL3Pk3Th+CzwMXDufcy733BAlnSjvOu5VbWl5ZXcuvFzY2t7Z3irt7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fo4up37qlUrFY3OhxQv0IDwQLGcHaSNd3vZNeseTY1bJXdSroN3FtZ4YSLFDvFd+6/ZikERWacKxUx3US7WdYakY4nRS6qaIJJiM8oB1DBY6o8rPZqRN0ZJQ+CmNpSmg0U79OZDhSahwFpjPCeqh+elPxL6+T6rDiZ0wkqaaCzBeFKUc6RtO/UZ9JSjQfG4KJZOZWRIZYYqJNOgUTwuen6H/SPLXdsu1deaXa+SKOPBzAIRyDC2dQg0uoQwMIDOAeHuHJ4taD9Wy9zFtz1mJmH77Bev0AnuWODQ==</latexit>w⇤

<latexit sha1_base64="5RLXvG3SCGbsPTt6swDsJFyFAmc=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRSarsrunFZxbSFNpTJdNIOnUzCzEQIoX/gxoUibv0jd/6N04fg88CFwzn3cu89QcKZ0o7zbhVWVtfWN4qbpa3tnd298v5BW8WpJNQjMY9lN8CKciaop5nmtJtIiqOA004wuZz5nTsqFYvFrc4S6kd4JFjICNZGusnYoFxx7Eat2nDq6DdxbWeOCizRGpTf+sOYpBEVmnCsVM91Eu3nWGpGOJ2W+qmiCSYTPKI9QwWOqPLz+aVTdGKUIQpjaUpoNFe/TuQ4UiqLAtMZYT1WP72Z+JfXS3VY93MmklRTQRaLwpQjHaPZ22jIJCWaZ4ZgIpm5FZExlphoE07JhPD5KfqftM9st2ZXr6uV5sUyjiIcwTGcggvn0IQraIEHBEK4h0d4sibWg/VsvSxaC9Zy5hC+wXr9AEuzjeU=</latexit>

yi

<latexit sha1_base64="dCvuYziFoQhYVh3sR67yM6lqHbQ=">AAAB6XicdVDJSgNBEK12jXGLevTSGARPw4yEmNyCXjxGMQskQ+jp9CRNenqG7p5AGPIHXjwo4tU/8ubf2FkE1wcFj/eqqKoXJIJr47rvaGV1bX1jM7eV397Z3dsvHBw2dZwqyho0FrFqB0QzwSVrGG4EayeKkSgQrBWMrmZ+a8yU5rG8M5OE+REZSB5ySoyVbse8Vyi6TrVcqroV/Jt4jjtHEZao9wpv3X5M04hJQwXRuuO5ifEzogyngk3z3VSzhNARGbCOpZJETPvZ/NIpPrVKH4exsiUNnqtfJzISaT2JAtsZETPUP72Z+JfXSU1Y8TMuk9QwSReLwlRgE+PZ27jPFaNGTCwhVHF7K6ZDogg1Npy8DeHzU/w/aZ47Xtkp3ZSKtctlHDk4hhM4Aw8uoAbXUIcGUAjhHh7hCY3QA3pGL4vWFbScOYJvQK8fRySN4g==</latexit>

vi

<latexit sha1_base64="q+dzqQ78/8YUNNfH3oUWr8P88kg="></latexit>

⇢(z, w) = ⇢(g(z), g(w)) = ⇢(yi, vi) = log(
v

y
) = log[0, yi, vi,1]

<latexit sha1_base64="AjQirNtt9vvhe0Zefo9m55bYaio=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2ARpJRhRkptF0LRjcsK9gHTYcikmTY08yDJKO3Yhb/ixoUibv0Nd/6N6UPwebgXDufcS26OFzMqpGm+a5mFxaXllexqbm19Y3NL395piijhmDRwxCLe9pAgjIakIalkpB1zggKPkZY3OJ/4rWvCBY3CKzmMiROgXkh9ipFUkqvvncIOi3r2yC0U4agIb1S5BcfV86ZRLZeqZgX+JpZhTpEHc9Rd/a3TjXASkFBihoSwLTOWToq4pJiRca6TCBIjPEA9YisaooAIJ53eP4aHSulCP+KqQwmn6teNFAVCDANPTQZI9sVPbyL+5dmJ9CtOSsM4kSTEs4f8hEEZwUkYsEs5wZINFUGYU3UrxH3EEZYqspwK4fOn8H/SPDasslG6LOVrZ/M4smAfHIAjYIETUAMXoA4aAINbcA8ewZN2pz1oz9rLbDSjzXd2wTdorx+CvZSH</latexit>

= log[z⇤, z, w, w⇤]



Schwarzian derivative

<latexit sha1_base64="uhCidQHMVgslGysLGHqj72K934U="></latexit>

Sf :=
f

000

f 0 � 3

2
(
f

00

f 0 )
2



<latexit sha1_base64="nOkn2ZJUFZn4RHgPIVJMFbcjZVk=">AAACJ3icdZDLSgMxFIYz9VbrrerSTbCIFWSYSqntQim6cVOoYC/QjkMmzbShmQtJRqhD38aNr+JGUBFd+iam09a7B0L+fOccTs5vB4wKaRivWmJmdm5+IbmYWlpeWV1Lr2/UhR9yTGrYZz5v2kgQRj1Sk1Qy0gw4Qa7NSMPun47yjSvCBfW9CzkIiOmirkcdipFUyEofV7LXlrF35MTXPqxcRrvDCfqQYzzl0Pl8WOmMoZcK+ZJRhL9FTjfiyIBJVK30Q7vj49AlnsQMCdHKGYE0I8QlxYwMU+1QkADhPuqSlpIecokwo3jPIdxRpAMdn6vjSRjTrx0RcoUYuLaqdJHsiZ+5Efwr1wqlUzQj6gWhJB4eD3JCBqUPR6bBDuUESzZQAmFO1V8h7iGOsFTWppQJ003h/6J+oOcKev48nymfTOxIgi2wDbIgBw5BGZyBKqgBDG7AHXgET9qtdq89ay/j0oQ26dkE30J7ewdqj6Fy</latexit>

M(z0) = f(z0),M
0
(z0) = f

0
(z0),M

00
(z0) = f

00
(z0)

<latexit sha1_base64="PqXj7lrxeXO4IIP8NX8gouXRPLo="></latexit>

M�1 � f(z � z0) = z0 + (z � z0) +
1

6
a(z � z0)

3 + · · ·

<latexit sha1_base64="ibdwjRF3pv4isl148if87Zp6BzI=">AAAB8XicdVDLSgNBEOyNrxhfUY9eBoMQL8uuhJgchKAXjxFNIiZLmJ3MJkNmZ5eZWSEu+QsvHhTx6t9482+cPASfBQ1FVTfdXX7MmdKO825lFhaXlleyq7m19Y3Nrfz2TlNFiSS0QSIeyWsfK8qZoA3NNKfXsaQ49Dlt+cOzid+6pVKxSFzpUUy9EPcFCxjB2kg3+ARdBsW7rnPYzRccu1ouVZ0K+k1c25miAHPUu/m3Ti8iSUiFJhwr1XadWHsplpoRTse5TqJojMkQ92nbUIFDqrx0evEYHRilh4JImhIaTdWvEykOlRqFvukMsR6on95E/MtrJzqoeCkTcaKpILNFQcKRjtDkfdRjkhLNR4ZgIpm5FZEBlphoE1LOhPD5KfqfNI9st2yXLkqF2uk8jizswT4UwYVjqME51KEBBATcwyM8Wcp6sJ6tl1lrxprP7MI3WK8fbjeQJA==</latexit>

a = Sf(z0)

Schwarziana 



<latexit sha1_base64="ezKQFsVRw5czcGAQm2r1CXRzoJ0=">AAACEXicdVDLSsNAFJ34rPUVdelmsAgVJCRSagtdFN24rNQ+oAllMp2kQycPZiZKCf0FN/6KGxeKuHXnzr9x0lbweeByD+fcy8w9bsyokKb5ri0sLi2vrObW8usbm1vb+s5uW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHTc0Xnmd64JFzQKr+Q4Jk6A/JB6FCOppL5ebHqwBs1j2PSzDm1O/aFEnEc3sFn0bEw5hv5RzezrBdOolktVswJ/E8swpyiAORp9/c0eRDgJSCgxQ0L0LDOWToq4pJiRSd5OBIkRHiGf9BQNUUCEk04vmsBDpQygF3FVoYRT9etGigIhxoGrJgMkh+Knl4l/eb1EehUnpWGcSBLi2UNewqCMYBYPHFBOsGRjRRDmVP0V4iHiCEsVYl6F8Hkp/J+0TwyrbJQuS4X62TyOHNgHB6AILHAK6uACNEALYHAL7sEjeNLutAftWXuZjS5o85098A3a6wftGJqm</latexit>

Sf < 0, Sg < 0 ! S(f � g) < 0

<latexit sha1_base64="VTDXYxPvgYWoJfZ9vr1kxvGounA=">AAACBXicdVDLSgMxFM34rPU16lIXwSK4scxIqS2IFN24rNQ+oB1LJs20oZlkSDJKGbpx46+4caGIW//BnX9j+hB8HrhwOOde7r3HjxhV2nHerZnZufmFxdRSenlldW3d3tisKRFLTKpYMCEbPlKEUU6qmmpGGpEkKPQZqfv9s5FfvyZSUcEv9SAiXoi6nAYUI22ktr1TCY4d2JK029NISnEDK8FVcuAO4Ql02nbGyRbzuaJTgL+Jm3XGyIApym37rdUROA4J15ghpZquE2kvQVJTzMgw3YoViRDuoy5pGspRSJSXjL8Ywj2jdGAgpCmu4Vj9OpGgUKlB6JvOEOme+umNxL+8ZqyDgpdQHsWacDxZFMQMagFHkcAOlQRrNjAEYUnNrRD3kERYm+DSJoTPT+H/pHaYdfPZ3EUuUzqdxpEC22AX7AMXHIESOAdlUAUY3IJ78AierDvrwXq2XiatM9Z0Zgt8g/X6AY8Ql10=</latexit>

Sf < 0 ! Sf�1 > 0

<latexit sha1_base64="QA78al6enqIFrqhubmtgzHorpuc="></latexit>

Sf < 0 ! �(y) :=
1p

|f 0(y)| Convexo
<latexit sha1_base64="Tq6ReR2aQmXfj0xnZiQ/Nd9ubEE="></latexit>

Sf = 0 ! f(x) =
ax+ b

cx+ d

<latexit sha1_base64="1694CPEaymwsRABfpDRWSVTHsYw=">AAACEHicdVDLSsNAFJ34rPVVdelmsIguJCRaauuq2I3LKvYBSSyT6aQdOpmEmYlSQj/Bjb/ixoUibl2682+cPgSfBy4czrmXe+/xY0alsqx3Y2Z2bn5hMbOUXV5ZXVvPbWw2ZJQITOo4YpFo+UgSRjmpK6oYacWCoNBnpOn3qyO/eU2EpBG/VIOYeCHqchpQjJSW2rm9ALqUw+rV0Ql0rAPbg66g3Z5CQkQ30A2R6vl+ejFs5/KWWS4WylYJ/ia2aY2RB1PU2rk3txPhJCRcYYakdGwrVl6KhKKYkWHWTSSJEe6jLnE05Sgk0kvHDw3hrlY6MIiELq7gWP06kaJQykHo687RhfKnNxL/8pxEBSUvpTxOFOF4sihIGFQRHKUDO1QQrNhAE4QF1bdC3EMCYaUzzOoQPj+F/5PGoWkXzcJ5IV85ncaRAdtgB+wDGxyDCjgDNVAHGNyCe/AInow748F4Nl4mrTPGdGYLfIPx+gHMyZvr</latexit>

f 2 C3 : [0, 1] ! R

<latexit sha1_base64="zOyJjtnPg8wL8pjWkxFSeYLQkyo=">AAAB9HicdVDLSgNBEOyNrxhfUY9eBoPE07IrISYXCXrxGMGYQLKG2clsMmR2dp2ZDYQl3+HFgyJe/Rhv/o2Th+CzoKGo6qa7y485U9px3q3M0vLK6lp2PbexubW9k9/du1FRIgltkIhHsuVjRTkTtKGZ5rQVS4pDn9OmP7yY+s0RlYpF4lqPY+qFuC9YwAjWRvI68YDdpsXiBJ0hp5svOHa1XKo6FfSbuLYzQwEWqHfzb51eRJKQCk04VqrtOrH2Uiw1I5xOcp1E0RiTIe7TtqECh1R56ezoCToySg8FkTQlNJqpXydSHCo1Dn3TGWI9UD+9qfiX1050UPFSJuJEU0Hmi4KEIx2haQKoxyQlmo8NwUQycysiAywx0SannAnh81P0P7k5sd2yXboqFWrniziycACHcAwunEINLqEODSBwB/fwCE/WyHqwnq2XeWvGWszswzdYrx+dY5Fg</latexit>

�
00
> 0



<latexit sha1_base64="1wpimTIEVNXOujRd92oQXTXJBmI=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyzSijDMlGLrQii60V0FWwvtWDJppg3NZIYkI9ah+CtuXCji1v9w59+YPgSfB244nHMv9+Z4EaNS2fa7kZqZnZtfSC9mlpZXVtfM9Y26DGOBSQ2HLBQND0nCKCc1RRUjjUgQFHiMXHr9k5F/eU2EpCG/UIOIuAHqcupTjJSW2uZWfJXkcsP8zd7+mX5iXUd228za1mG5UHLK8DdxLHuMLJii2jbfWp0QxwHhCjMkZdOxI+UmSCiKGRlmWrEkEcJ91CVNTTkKiHST8fVDuKuVDvRDoYsrOFa/TiQokHIQeLozQKonf3oj8S+vGSu/7CaUR7EiHE8W+TGDKoSjKGCHCoIVG2iCsKD6Voh7SCCsdGAZHcLnT+H/pF6wnAOreF7MVo6ncaTBNtgBeeCAEqiAU1AFNYDBLbgHj+DJuDMejGfjZdKaMqYzm+AbjNcPA+eTrw==</latexit>

u
00
(x) + I(x)u(x) = 0

<latexit sha1_base64="+xO4oFQ81oGCFyIT+KEHMGp6cRA=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwUUJSiq0LoejGZQX7gCaEyXTSDp1MwsxEKCFbN/6KGxeKuPUP3Pk3Th+CzwNzOZxzL3fuCRJGpbLtd6OwtLyyulZcL21sbm3vmLt7HRmnApM2jlksegGShFFO2ooqRnqJICgKGOkG44up370hQtKYX6tJQrwIDTkNKUZKS74JU9+p6FKtQDcZUXgG3VAgnGk516Wa+2bZtk4b1brTgL+JY9kzlMECLd98cwcxTiPCFWZIyr5jJ8rLkFAUM5KX3FSSBOExGpK+phxFRHrZ7JIcHmllAMNY6McVnKlfJzIUSTmJAt0ZITWSP72p+JfXT1XY8DLKk1QRjueLwpRBFcNpLHBABcGKTTRBWFD9V4hHSCehdHglHcLnpfB/0qlazolVu6qVm+eLOIrgAByCY+CAOmiCS9ACbYDBLbgHj+DJuDMejGfjZd5aMBYz++AbjNcPjTOZDQ==</latexit>

u1, u2,� =
u1

u2

<latexit sha1_base64="2c3yACI6G87DucCNipKPbRjr+kg=">AAAB9XicdVDJSgNBEK1xjXGLevTSGIR4GWdCMPEgBL3oLaJZIBlDT6eTNOnpGbp7lDDkP7x4UMSr/+LNv7GzCK4PCh7vVVFVz484U9px3q25+YXFpeXUSnp1bX1jM7O1XVNhLAmtkpCHsuFjRTkTtKqZ5rQRSYoDn9O6Pzgb+/VbKhULxbUeRtQLcE+wLiNYG+nm4gS5h3l0lWtFfXbQzmQd+7iUL7ol9Ju4tjNBFmaotDNvrU5I4oAKTThWquk6kfYSLDUjnI7SrVjRCJMB7tGmoQIHVHnJ5OoR2jdKB3VDaUpoNFG/TiQ4UGoY+KYzwLqvfnpj8S+vGetuyUuYiGJNBZku6sYc6RCNI0AdJinRfGgIJpKZWxHpY4mJNkGlTQifn6L/SS1vu0d24bKQLZ/O4kjBLuxBDlwoQhnOoQJVICDhHh7hybqzHqxn62XaOmfNZnbgG6zXDzSOkRE=</latexit>

I = 1/2S(�)



<latexit sha1_base64="1wpimTIEVNXOujRd92oQXTXJBmI=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyzSijDMlGLrQii60V0FWwvtWDJppg3NZIYkI9ah+CtuXCji1v9w59+YPgSfB244nHMv9+Z4EaNS2fa7kZqZnZtfSC9mlpZXVtfM9Y26DGOBSQ2HLBQND0nCKCc1RRUjjUgQFHiMXHr9k5F/eU2EpCG/UIOIuAHqcupTjJSW2uZWfJXkcsP8zd7+mX5iXUd228za1mG5UHLK8DdxLHuMLJii2jbfWp0QxwHhCjMkZdOxI+UmSCiKGRlmWrEkEcJ91CVNTTkKiHST8fVDuKuVDvRDoYsrOFa/TiQokHIQeLozQKonf3oj8S+vGSu/7CaUR7EiHE8W+TGDKoSjKGCHCoIVG2iCsKD6Voh7SCCsdGAZHcLnT+H/pF6wnAOreF7MVo6ncaTBNtgBeeCAEqiAU1AFNYDBLbgHj+DJuDMejGfjZdKaMqYzm+AbjNcPA+eTrw==</latexit>

u
00
(x) + I(x)u(x) = 0

<latexit sha1_base64="+xO4oFQ81oGCFyIT+KEHMGp6cRA=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwUUJSiq0LoejGZQX7gCaEyXTSDp1MwsxEKCFbN/6KGxeKuPUP3Pk3Th+CzwNzOZxzL3fuCRJGpbLtd6OwtLyyulZcL21sbm3vmLt7HRmnApM2jlksegGShFFO2ooqRnqJICgKGOkG44up370hQtKYX6tJQrwIDTkNKUZKS74JU9+p6FKtQDcZUXgG3VAgnGk516Wa+2bZtk4b1brTgL+JY9kzlMECLd98cwcxTiPCFWZIyr5jJ8rLkFAUM5KX3FSSBOExGpK+phxFRHrZ7JIcHmllAMNY6McVnKlfJzIUSTmJAt0ZITWSP72p+JfXT1XY8DLKk1QRjueLwpRBFcNpLHBABcGKTTRBWFD9V4hHSCehdHglHcLnpfB/0qlazolVu6qVm+eLOIrgAByCY+CAOmiCS9ACbYDBLbgHj+DJuDMejGfjZd5aMBYz++AbjNcPjTOZDQ==</latexit>

u1, u2,� =
u1

u2

<latexit sha1_base64="2c3yACI6G87DucCNipKPbRjr+kg=">AAAB9XicdVDJSgNBEK1xjXGLevTSGIR4GWdCMPEgBL3oLaJZIBlDT6eTNOnpGbp7lDDkP7x4UMSr/+LNv7GzCK4PCh7vVVFVz484U9px3q25+YXFpeXUSnp1bX1jM7O1XVNhLAmtkpCHsuFjRTkTtKqZ5rQRSYoDn9O6Pzgb+/VbKhULxbUeRtQLcE+wLiNYG+nm4gS5h3l0lWtFfXbQzmQd+7iUL7ol9Ju4tjNBFmaotDNvrU5I4oAKTThWquk6kfYSLDUjnI7SrVjRCJMB7tGmoQIHVHnJ5OoR2jdKB3VDaUpoNFG/TiQ4UGoY+KYzwLqvfnpj8S+vGetuyUuYiGJNBZku6sYc6RCNI0AdJinRfGgIJpKZWxHpY4mJNkGlTQifn6L/SS1vu0d24bKQLZ/O4kjBLuxBDlwoQhnOoQJVICDhHh7hybqzHqxn62XaOmfNZnbgG6zXDzSOkRE=</latexit>

I = 1/2S(�)

Cayley atribui a Schwarz



<latexit sha1_base64="1wpimTIEVNXOujRd92oQXTXJBmI=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyzSijDMlGLrQii60V0FWwvtWDJppg3NZIYkI9ah+CtuXCji1v9w59+YPgSfB244nHMv9+Z4EaNS2fa7kZqZnZtfSC9mlpZXVtfM9Y26DGOBSQ2HLBQND0nCKCc1RRUjjUgQFHiMXHr9k5F/eU2EpCG/UIOIuAHqcupTjJSW2uZWfJXkcsP8zd7+mX5iXUd228za1mG5UHLK8DdxLHuMLJii2jbfWp0QxwHhCjMkZdOxI+UmSCiKGRlmWrEkEcJ91CVNTTkKiHST8fVDuKuVDvRDoYsrOFa/TiQokHIQeLozQKonf3oj8S+vGSu/7CaUR7EiHE8W+TGDKoSjKGCHCoIVG2iCsKD6Voh7SCCsdGAZHcLnT+H/pF6wnAOreF7MVo6ncaTBNtgBeeCAEqiAU1AFNYDBLbgHj+DJuDMejGfjZdKaMqYzm+AbjNcPA+eTrw==</latexit>

u
00
(x) + I(x)u(x) = 0

<latexit sha1_base64="+xO4oFQ81oGCFyIT+KEHMGp6cRA=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwUUJSiq0LoejGZQX7gCaEyXTSDp1MwsxEKCFbN/6KGxeKuPUP3Pk3Th+CzwNzOZxzL3fuCRJGpbLtd6OwtLyyulZcL21sbm3vmLt7HRmnApM2jlksegGShFFO2ooqRnqJICgKGOkG44up370hQtKYX6tJQrwIDTkNKUZKS74JU9+p6FKtQDcZUXgG3VAgnGk516Wa+2bZtk4b1brTgL+JY9kzlMECLd98cwcxTiPCFWZIyr5jJ8rLkFAUM5KX3FSSBOExGpK+phxFRHrZ7JIcHmllAMNY6McVnKlfJzIUSTmJAt0ZITWSP72p+JfXT1XY8DLKk1QRjueLwpRBFcNpLHBABcGKTTRBWFD9V4hHSCehdHglHcLnpfB/0qlazolVu6qVm+eLOIrgAByCY+CAOmiCS9ACbYDBLbgHj+DJuDMejGfjZd5aMBYz++AbjNcPjTOZDQ==</latexit>

u1, u2,� =
u1

u2

<latexit sha1_base64="2c3yACI6G87DucCNipKPbRjr+kg=">AAAB9XicdVDJSgNBEK1xjXGLevTSGIR4GWdCMPEgBL3oLaJZIBlDT6eTNOnpGbp7lDDkP7x4UMSr/+LNv7GzCK4PCh7vVVFVz484U9px3q25+YXFpeXUSnp1bX1jM7O1XVNhLAmtkpCHsuFjRTkTtKqZ5rQRSYoDn9O6Pzgb+/VbKhULxbUeRtQLcE+wLiNYG+nm4gS5h3l0lWtFfXbQzmQd+7iUL7ol9Ju4tjNBFmaotDNvrU5I4oAKTThWquk6kfYSLDUjnI7SrVjRCJMB7tGmoQIHVHnJ5OoR2jdKB3VDaUpoNFG/TiQ4UGoY+KYzwLqvfnpj8S+vGetuyUuYiGJNBZku6sYc6RCNI0AdJinRfGgIJpKZWxHpY4mJNkGlTQifn6L/SS1vu0d24bKQLZ/O4kjBLuxBDlwoQhnOoQJVICDhHh7hybqzHqxn62XaOmfNZnbgG6zXDzSOkRE=</latexit>

I = 1/2S(�)

Cayley atribui a Schwarz

Schwarz  atribuiu a Lagrange



<latexit sha1_base64="1wpimTIEVNXOujRd92oQXTXJBmI=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyzSijDMlGLrQii60V0FWwvtWDJppg3NZIYkI9ah+CtuXCji1v9w59+YPgSfB244nHMv9+Z4EaNS2fa7kZqZnZtfSC9mlpZXVtfM9Y26DGOBSQ2HLBQND0nCKCc1RRUjjUgQFHiMXHr9k5F/eU2EpCG/UIOIuAHqcupTjJSW2uZWfJXkcsP8zd7+mX5iXUd228za1mG5UHLK8DdxLHuMLJii2jbfWp0QxwHhCjMkZdOxI+UmSCiKGRlmWrEkEcJ91CVNTTkKiHST8fVDuKuVDvRDoYsrOFa/TiQokHIQeLozQKonf3oj8S+vGSu/7CaUR7EiHE8W+TGDKoSjKGCHCoIVG2iCsKD6Voh7SCCsdGAZHcLnT+H/pF6wnAOreF7MVo6ncaTBNtgBeeCAEqiAU1AFNYDBLbgHj+DJuDMejGfjZdKaMqYzm+AbjNcPA+eTrw==</latexit>

u
00
(x) + I(x)u(x) = 0

<latexit sha1_base64="+xO4oFQ81oGCFyIT+KEHMGp6cRA=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwUUJSiq0LoejGZQX7gCaEyXTSDp1MwsxEKCFbN/6KGxeKuPUP3Pk3Th+CzwNzOZxzL3fuCRJGpbLtd6OwtLyyulZcL21sbm3vmLt7HRmnApM2jlksegGShFFO2ooqRnqJICgKGOkG44up370hQtKYX6tJQrwIDTkNKUZKS74JU9+p6FKtQDcZUXgG3VAgnGk516Wa+2bZtk4b1brTgL+JY9kzlMECLd98cwcxTiPCFWZIyr5jJ8rLkFAUM5KX3FSSBOExGpK+phxFRHrZ7JIcHmllAMNY6McVnKlfJzIUSTmJAt0ZITWSP72p+JfXT1XY8DLKk1QRjueLwpRBFcNpLHBABcGKTTRBWFD9V4hHSCehdHglHcLnpfB/0qlazolVu6qVm+eLOIrgAByCY+CAOmiCS9ACbYDBLbgHj+DJuDMejGfjZd5aMBYz++AbjNcPjTOZDQ==</latexit>

u1, u2,� =
u1

u2

<latexit sha1_base64="2c3yACI6G87DucCNipKPbRjr+kg=">AAAB9XicdVDJSgNBEK1xjXGLevTSGIR4GWdCMPEgBL3oLaJZIBlDT6eTNOnpGbp7lDDkP7x4UMSr/+LNv7GzCK4PCh7vVVFVz484U9px3q25+YXFpeXUSnp1bX1jM7O1XVNhLAmtkpCHsuFjRTkTtKqZ5rQRSYoDn9O6Pzgb+/VbKhULxbUeRtQLcE+wLiNYG+nm4gS5h3l0lWtFfXbQzmQd+7iUL7ol9Ju4tjNBFmaotDNvrU5I4oAKTThWquk6kfYSLDUjnI7SrVjRCJMB7tGmoQIHVHnJ5OoR2jdKB3VDaUpoNFG/TiQ4UGoY+KYzwLqvfnpj8S+vGetuyUuYiGJNBZku6sYc6RCNI0AdJinRfGgIJpKZWxHpY4mJNkGlTQifn6L/SS1vu0d24bKQLZ/O4kjBLuxBDlwoQhnOoQJVICDhHh7hybqzHqxn62XaOmfNZnbgG6zXDzSOkRE=</latexit>

I = 1/2S(�)

Cayley atribui a Schwarz

Schwarz  atribuiu a Lagrange

Sylvester leu (Cartes géographiques) mas não achou Schwarziana



<latexit sha1_base64="1wpimTIEVNXOujRd92oQXTXJBmI=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyzSijDMlGLrQii60V0FWwvtWDJppg3NZIYkI9ah+CtuXCji1v9w59+YPgSfB244nHMv9+Z4EaNS2fa7kZqZnZtfSC9mlpZXVtfM9Y26DGOBSQ2HLBQND0nCKCc1RRUjjUgQFHiMXHr9k5F/eU2EpCG/UIOIuAHqcupTjJSW2uZWfJXkcsP8zd7+mX5iXUd228za1mG5UHLK8DdxLHuMLJii2jbfWp0QxwHhCjMkZdOxI+UmSCiKGRlmWrEkEcJ91CVNTTkKiHST8fVDuKuVDvRDoYsrOFa/TiQokHIQeLozQKonf3oj8S+vGSu/7CaUR7EiHE8W+TGDKoSjKGCHCoIVG2iCsKD6Voh7SCCsdGAZHcLnT+H/pF6wnAOreF7MVo6ncaTBNtgBeeCAEqiAU1AFNYDBLbgHj+DJuDMejGfjZdKaMqYzm+AbjNcPA+eTrw==</latexit>

u
00
(x) + I(x)u(x) = 0

<latexit sha1_base64="+xO4oFQ81oGCFyIT+KEHMGp6cRA=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwUUJSiq0LoejGZQX7gCaEyXTSDp1MwsxEKCFbN/6KGxeKuPUP3Pk3Th+CzwNzOZxzL3fuCRJGpbLtd6OwtLyyulZcL21sbm3vmLt7HRmnApM2jlksegGShFFO2ooqRnqJICgKGOkG44up370hQtKYX6tJQrwIDTkNKUZKS74JU9+p6FKtQDcZUXgG3VAgnGk516Wa+2bZtk4b1brTgL+JY9kzlMECLd98cwcxTiPCFWZIyr5jJ8rLkFAUM5KX3FSSBOExGpK+phxFRHrZ7JIcHmllAMNY6McVnKlfJzIUSTmJAt0ZITWSP72p+JfXT1XY8DLKk1QRjueLwpRBFcNpLHBABcGKTTRBWFD9V4hHSCehdHglHcLnpfB/0qlazolVu6qVm+eLOIrgAByCY+CAOmiCS9ACbYDBLbgHj+DJuDMejGfjZd5aMBYz++AbjNcPjTOZDQ==</latexit>

u1, u2,� =
u1

u2

<latexit sha1_base64="2c3yACI6G87DucCNipKPbRjr+kg=">AAAB9XicdVDJSgNBEK1xjXGLevTSGIR4GWdCMPEgBL3oLaJZIBlDT6eTNOnpGbp7lDDkP7x4UMSr/+LNv7GzCK4PCh7vVVFVz484U9px3q25+YXFpeXUSnp1bX1jM7O1XVNhLAmtkpCHsuFjRTkTtKqZ5rQRSYoDn9O6Pzgb+/VbKhULxbUeRtQLcE+wLiNYG+nm4gS5h3l0lWtFfXbQzmQd+7iUL7ol9Ju4tjNBFmaotDNvrU5I4oAKTThWquk6kfYSLDUjnI7SrVjRCJMB7tGmoQIHVHnJ5OoR2jdKB3VDaUpoNFG/TiQ4UGoY+KYzwLqvfnpj8S+vGetuyUuYiGJNBZku6sYc6RCNI0AdJinRfGgIJpKZWxHpY4mJNkGlTQifn6L/SS1vu0d24bKQLZ/O4kjBLuxBDlwoQhnOoQJVICDhHh7hybqzHqxn62XaOmfNZnbgG6zXDzSOkRE=</latexit>

I = 1/2S(�)

Cayley atribui a Schwarz

Schwarz  atribuiu a Lagrange

Sylvester leu (Cartes géographiques) mas não achou Schwarziana

Lei de Arnold: As descobertas são raramente atribuídas às pessoas corretas  



<latexit sha1_base64="1wpimTIEVNXOujRd92oQXTXJBmI=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyzSijDMlGLrQii60V0FWwvtWDJppg3NZIYkI9ah+CtuXCji1v9w59+YPgSfB244nHMv9+Z4EaNS2fa7kZqZnZtfSC9mlpZXVtfM9Y26DGOBSQ2HLBQND0nCKCc1RRUjjUgQFHiMXHr9k5F/eU2EpCG/UIOIuAHqcupTjJSW2uZWfJXkcsP8zd7+mX5iXUd228za1mG5UHLK8DdxLHuMLJii2jbfWp0QxwHhCjMkZdOxI+UmSCiKGRlmWrEkEcJ91CVNTTkKiHST8fVDuKuVDvRDoYsrOFa/TiQokHIQeLozQKonf3oj8S+vGSu/7CaUR7EiHE8W+TGDKoSjKGCHCoIVG2iCsKD6Voh7SCCsdGAZHcLnT+H/pF6wnAOreF7MVo6ncaTBNtgBeeCAEqiAU1AFNYDBLbgHj+DJuDMejGfjZdKaMqYzm+AbjNcPA+eTrw==</latexit>

u
00
(x) + I(x)u(x) = 0

<latexit sha1_base64="+xO4oFQ81oGCFyIT+KEHMGp6cRA=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwUUJSiq0LoejGZQX7gCaEyXTSDp1MwsxEKCFbN/6KGxeKuPUP3Pk3Th+CzwNzOZxzL3fuCRJGpbLtd6OwtLyyulZcL21sbm3vmLt7HRmnApM2jlksegGShFFO2ooqRnqJICgKGOkG44up370hQtKYX6tJQrwIDTkNKUZKS74JU9+p6FKtQDcZUXgG3VAgnGk516Wa+2bZtk4b1brTgL+JY9kzlMECLd98cwcxTiPCFWZIyr5jJ8rLkFAUM5KX3FSSBOExGpK+phxFRHrZ7JIcHmllAMNY6McVnKlfJzIUSTmJAt0ZITWSP72p+JfXT1XY8DLKk1QRjueLwpRBFcNpLHBABcGKTTRBWFD9V4hHSCehdHglHcLnpfB/0qlazolVu6qVm+eLOIrgAByCY+CAOmiCS9ACbYDBLbgHj+DJuDMejGfjZd5aMBYz++AbjNcPjTOZDQ==</latexit>

u1, u2,� =
u1

u2

<latexit sha1_base64="2c3yACI6G87DucCNipKPbRjr+kg=">AAAB9XicdVDJSgNBEK1xjXGLevTSGIR4GWdCMPEgBL3oLaJZIBlDT6eTNOnpGbp7lDDkP7x4UMSr/+LNv7GzCK4PCh7vVVFVz484U9px3q25+YXFpeXUSnp1bX1jM7O1XVNhLAmtkpCHsuFjRTkTtKqZ5rQRSYoDn9O6Pzgb+/VbKhULxbUeRtQLcE+wLiNYG+nm4gS5h3l0lWtFfXbQzmQd+7iUL7ol9Ju4tjNBFmaotDNvrU5I4oAKTThWquk6kfYSLDUjnI7SrVjRCJMB7tGmoQIHVHnJ5OoR2jdKB3VDaUpoNFG/TiQ4UGoY+KYzwLqvfnpj8S+vGetuyUuYiGJNBZku6sYc6RCNI0AdJinRfGgIJpKZWxHpY4mJNkGlTQifn6L/SS1vu0d24bKQLZ/O4kjBLuxBDlwoQhnOoQJVICDhHh7hybqzHqxn62XaOmfNZnbgG6zXDzSOkRE=</latexit>

I = 1/2S(�)

Cayley atribui a Schwarz

Schwarz  atribuiu a Lagrange

Sylvester leu (Cartes géographiques) mas não achou Schwarziana

Lei de Arnold: As descobertas são raramente atribuídas às pessoas corretas  

Michael Berry: Nada jamais é descoberto pela primeira vez 



Teorema deos quatro vértices: pelo menos 4 
pontos extremo local de curvatura 

E.Ghys: Todo difeomorfismo de reta projetiva tem pelo menos 4 pontos onde a 
Schwarziana se anula, ou seja a função é muito projetiva (3 jato), ou o Möbius 

osculante coincide até terceiro jato.



Circles osculantes, Teorema de P. 
Gauthrie Tait, o mesmo de tabela de 

nós!

E. Ghys: Todo difeomorfismo de reta 
projetiva tem pelo menos 4 pontos com 

Schwarziana nula, i.e 4-Mobius osculantes  



Schwarziana negativa implica crescimento de razão cruzada

<latexit sha1_base64="68IjtYrs6LHjM3q3j4+bLVwHALw=">AAACHXicdVDLSgMxFM34rPVVdekmWIQWSplph9pupOjGZQX7gOkwZNJMG5p5kGTEMvRH3Pgrblwo4sKN+Dem7Qg+D1zu4Zx7Se5xI0aF1PV3bWl5ZXVtPbOR3dza3tnN7e13RBhzTNo4ZCHvuUgQRgPSllQy0os4Qb7LSNcdn8/87jXhgobBlZxExPbRMKAexUgqycmZlle4cYxiCc56Je3VtJtFG55CSw2UlKmqqsq0nVxeLzdqZkOvw9/EKOtz5EGKlpN77Q9CHPskkJghISxDj6SdIC4pZmSa7ceCRAiP0ZBYigbIJ8JO5tdN4bFSBtALuapAwrn6dSNBvhAT31WTPpIj8dObiX95Viy9up3QIIolCfDiIS9mUIZwFhUcUE6wZBNFEOZU/RXiEeIISxVoVoXweSn8n3QqZaNWNi/NfPMsjSMDDsERKAADnIAmuAAt0AYY3IJ78AietDvtQXvWXhajS1q6cwC+QXv7ABEBnaY=</latexit>

[f(x1), f(x2), f(x3), f(x4)] > [x1, x2, x3, x4]

Dinâmica



Lema1. Se Sf<0 tem dois pontos fixos então um é atrator

<latexit sha1_base64="pkGF4nH1SzMva5IkQXVULjeFd7w=">AAACCXicdZDLSsNAFIYn9VbrLerSzWARK0hIpNR2V3TjsoK9QBvLZDpph04mcWYilNCtG1/FjQtF3PoG7nwbp20KXn8Y+PnOOZw5vxcxKpVtfxiZhcWl5ZXsam5tfWNzy9zeacgwFpjUcchC0fKQJIxyUldUMdKKBEGBx0jTG55P6s1bIiQN+ZUaRcQNUJ9Tn2KkNOqa0L9ODscF+wh2+uQGOscpcOaga+Ztq1IqVuwy/G0cy54qD1LVuuZ7pxfiOCBcYYakbDt2pNwECUUxI+NcJ5YkQniI+qStLUcBkW4yvWQMDzTpQT8U+nEFp/TrRIICKUeBpzsDpAbyZ20C/6q1Y+WX3YTyKFaE49kiP2ZQhXASC+xRQbBiI20QFlT/FeIBEggrHV5OhzC/FP5vGieWU7KKl8V89SyNIwv2wD4oAAecgiq4ADVQBxjcgQfwBJ6Ne+PReDFeZ60ZI53ZBd9kvH0COhKXiQ==</latexit>

f
0
(0) � 1, f

0
(1) � 1 TVM

<latexit sha1_base64="RX53mUkOjkkQQ48lP7YHce0q4zE=">AAACCnicdVDLSsNAFJ34rPUVdelmtIgtSEmk1FYQim5cVrAPaGqZTCft0MkkzEzEELp246+4caGIW7/AnX/j9CH4PHDhcM693HuPGzIqlWW9GzOzc/MLi6ml9PLK6tq6ubFZl0EkMKnhgAWi6SJJGOWkpqhipBkKgnyXkYY7OBv5jWsiJA34pYpD0vZRj1OPYqS01DF3HHKjt0gYQ4dymLUOoJ2Dx9C7SvaH2Th3YnfMjJUvFwtlqwR/EztvjZEBU1Q75pvTDXDkE64wQ1K2bCtU7QQJRTEjw7QTSRIiPEA90tKUI5/IdjJ+ZQj3tNKFXiB0cQXH6teJBPlSxr6rO32k+vKnNxL/8lqR8krthPIwUoTjySIvYlAFcJQL7FJBsGKxJggLqm+FuI8Ewkqnl9YhfH4K/yf1w7xdzBcuCpnK6TSOFNgGuyALbHAEKuAcVEENYHAL7sEjeDLujAfj2XiZtM4Y05kt8A3G6wchlpgF</latexit>

9y 2 (0, 1) : f
0
(y) = 1

<latexit sha1_base64="rl0EzmfA7o5n9UJReystJEvZFvE=">AAAB7HicdVDLSsNAFL2pr1ofrbp0M1hEVyGRUttd0Y3LCqYttLFMppN26GQSZiZCCf0GNy4UcesHufNvnD4EnwcuHM65l3vvCRLOlHacdyu3srq2vpHfLGxt7+wWS3v7LRWnklCPxDyWnQArypmgnmaa004iKY4CTtvB+HLmt++oVCwWN3qSUD/CQ8FCRrA2khfeZifTfqns2PVqpe7U0G/i2s4cZVii2S+99QYxSSMqNOFYqa7rJNrPsNSMcDot9FJFE0zGeEi7hgocUeVn82On6NgoAxTG0pTQaK5+nchwpNQkCkxnhPVI/fRm4l9eN9Vhzc+YSFJNBVksClOOdIxmn6MBk5RoPjEEE8nMrYiMsMREm3wKJoTPT9H/pHVmu1W7cl0pNy6WceThEI7gFFw4hwZcQRM8IMDgHh7hyRLWg/VsvSxac9Zy5gC+wXr9AENjjwQ=</latexit>

f
0 Tem minimo local e então 

<latexit sha1_base64="qzfXRAFAaW2CJyh3jTR37sgPX34=">AAACBXicdVDJSgNBEO2JW4zbqEc9NAbR0zAjISYHIejFYwSzQGYMPZ2epEnPYnePEJq5ePFXvHhQxKv/4M2/sbMIrg8KHu9VUVXPTxgV0rbfjdzc/MLiUn65sLK6tr5hbm41RZxyTBo4ZjFv+0gQRiPSkFQy0k44QaHPSMsfno391g3hgsbRpRwlxAtRP6IBxUhqqWvuusmAnkA34AgrJ1OuuOZSBVfqIMuyrlm0rWq5VLUr8DdxLHuCIpih3jXf3F6M05BEEjMkRMexE+kpxCXFjGQFNxUkQXiI+qSjaYRCIjw1+SKD+1rpwSDmuiIJJ+rXCYVCIUahrztDJAfipzcW//I6qQwqnqJRkkoS4emiIGVQxnAcCexRTrBkI00Q5lTfCvEA6UCkDq6gQ/j8FP5PmkeWU7ZKF6Vi7XQWRx7sgD1wCBxwDGrgHNRBA2BwC+7BI3gy7owH49l4mbbmjNnMNvgG4/UDimqZTA==</latexit>

� =
1p
f 0 Tem max local



Lema 2. Se tiver 3 pontos fixos, o do meio é repulsor. Nunca tem 4 fixos.

<latexit sha1_base64="57lEw8Otf/R+1/wpEmvSIVNqvyo=">AAACFnicdVDLSgMxFM3UV62vUZdugkVoQUtGSm3BQtGNywq2FtqhZNJMG5p5kGSEMvQr3Pgrblwo4lbc+TdmphV8Hgjn5Nx7Se5xQs6kQujdyCwsLi2vZFdza+sbm1vm9k5bBpEgtEUCHoiOgyXlzKctxRSnnVBQ7DmcXjvj86R+fUOFZIF/pSYhtT089JnLCFba6ptHCJ7CnkMV1mwdQreAinWUcGoW6ykld6tYt/pmHpVqlXINVeFvYZVQijyYo9k333qDgEQe9RXhWMquhUJlx1goRjid5nqRpCEmYzykXS197FFpx+laU3ignQF0A6GPr2Dqfp2IsSflxHN0p4fVSP6sJeZftW6k3KodMz+MFPXJ7CE34lAFMMkIDpigRPGJFpgIpv8KyQgLTJROMqdD+NwU/i/axyWrUipflvONs3kcWbAH9kEBWOAENMAFaIIWIOAW3INH8GTcGQ/Gs/Eya80Y85ld8A3G6wd7b5ql</latexit>

0 < � < 1, f(0) = 0, f(�) = �, f(1) = 1

<latexit sha1_base64="km8xpt/9DhspA4ilBVUw6WcsetE=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL2G5KUkptF4WiG5cV7APaGCbTSTt08mBmIoSQjb/ixoUibv0Md/6N0xf4PHDhcM693HuPEzIqpGF8aJmV1bX1jexmbmt7Z3dP3z/oiCDimLRxwALec5AgjPqkLalkpBdygjyHka4zuZz63TvCBQ38GxmHxPLQyKcuxUgqydaP3NvkLC3EtllsLGm52DBtPW+U6tVK3ajB38QsGTPkwQItW38fDAMcecSXmCEh+qYRSitBXFLMSJobRIKECE/QiPQV9ZFHhJXMHkjhqVKG0A24Kl/Cmfp1IkGeELHnqE4PybH46U3Fv7x+JN2alVA/jCTx8XyRGzEoAzhNAw4pJ1iyWBGEOVW3QjxGHGGpMsupEJafwv9Jp1wyq6XKdSXfvFjEkQXH4AQUgAnOQRNcgRZoAwxS8ACewLN2rz1qL9rrvDWjLWYOwTdob5+gW5Us</latexit>

f
0
(y1) = f

0
(y2) = 1

<latexit sha1_base64="YlF9texVjQ9LZXmuEZPK5A6BVVE=">AAAB/HicdVDJSgNBEO2JW4zbaI5eGoMYL2FGQkxuQS8eI5gFMmPo6dQkTXoWu3uEMMRf8eJBEa9+iDf/xs4iuD4oeLxXRVU9L+ZMKst6NzJLyyura9n13Mbm1vaOubvXklEiKDRpxCPR8YgEzkJoKqY4dGIBJPA4tL3R+dRv34KQLAqv1DgGNyCDkPmMEqWlnpn3r9OjSdHxQJFj7HC4wXbPLFilWqVcs6r4N7FL1gwFtECjZ745/YgmAYSKciJl17Zi5aZEKEY5THJOIiEmdEQG0NU0JAFIN50dP8GHWuljPxK6QoVn6teJlARSjgNPdwZEDeVPbyr+5XUT5VfdlIVxoiCk80V+wrGK8DQJ3GcCqOJjTQgVTN+K6ZAIQpXOK6dD+PwU/09aJyW7Uipflgv1s0UcWbSPDlAR2egU1dEFaqAmomiM7tEjejLujAfj2XiZt2aMxUwefYPx+gGOq5QZ</latexit>

f
0
(�)  1Se Tem minimo local

<latexit sha1_base64="rl0EzmfA7o5n9UJReystJEvZFvE=">AAAB7HicdVDLSsNAFL2pr1ofrbp0M1hEVyGRUttd0Y3LCqYttLFMppN26GQSZiZCCf0GNy4UcesHufNvnD4EnwcuHM65l3vvCRLOlHacdyu3srq2vpHfLGxt7+wWS3v7LRWnklCPxDyWnQArypmgnmaa004iKY4CTtvB+HLmt++oVCwWN3qSUD/CQ8FCRrA2khfeZifTfqns2PVqpe7U0G/i2s4cZVii2S+99QYxSSMqNOFYqa7rJNrPsNSMcDot9FJFE0zGeEi7hgocUeVn82On6NgoAxTG0pTQaK5+nchwpNQkCkxnhPVI/fRm4l9eN9Vhzc+YSFJNBVksClOOdIxmn6MBk5RoPjEEE8nMrYiMsMREm3wKJoTPT9H/pHVmu1W7cl0pNy6WceThEI7gFFw4hwZcQRM8IMDgHh7hyRLWg/VsvSxac9Zy5gC+wXr9AENjjwQ=</latexit>

f
0

Conclua também que não tem quarto ponto fixo!



<latexit sha1_base64="38pKkPBNl8x+i0q6E5G9ZLpEK+s=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRSarsrunFZ0bSFNpTJdNIOnUzCzEQIoZ/gxoUibv0id/6N04fg88CFwzn3cu89QcKZ0o7zbhVWVtfWN4qbpa3tnd298v5BW8WpJNQjMY9lN8CKciaop5nmtJtIiqOA004wuZz5nTsqFYvFrc4S6kd4JFjICNZGuskGzqBccexGrdpw6ug3cW1njgos0RqU3/rDmKQRFZpwrFTPdRLt51hqRjidlvqpogkmEzyiPUMFjqjy8/mpU3RilCEKY2lKaDRXv07kOFIqiwLTGWE9Vj+9mfiX10t1WPdzJpJUU0EWi8KUIx2j2d9oyCQlmmeGYCKZuRWRMZaYaJNOyYTw+Sn6n7TPbLdmV6+rlebFMo4iHMExnIIL59CEK2iBBwRGcA+P8GRx68F6tl4WrQVrOXMI32C9fgCrCY4V</latexit>y0

<latexit sha1_base64="38pKkPBNl8x+i0q6E5G9ZLpEK+s=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRSarsrunFZ0bSFNpTJdNIOnUzCzEQIoZ/gxoUibv0id/6N04fg88CFwzn3cu89QcKZ0o7zbhVWVtfWN4qbpa3tnd298v5BW8WpJNQjMY9lN8CKciaop5nmtJtIiqOA004wuZz5nTsqFYvFrc4S6kd4JFjICNZGuskGzqBccexGrdpw6ug3cW1njgos0RqU3/rDmKQRFZpwrFTPdRLt51hqRjidlvqpogkmEzyiPUMFjqjy8/mpU3RilCEKY2lKaDRXv07kOFIqiwLTGWE9Vj+9mfiX10t1WPdzJpJUU0EWi8KUIx2j2d9oyCQlmmeGYCKZuRWRMZaYaJNOyYTw+Sn6n7TPbLdmV6+rlebFMo4iHMExnIIL59CEK2iBBwRGcA+P8GRx68F6tl4WrQVrOXMI32C9fgCrCY4V</latexit>y0

<latexit sha1_base64="7Zm0+FmRriF2ZVb4JXUGftynbU4=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRSarsrunFZ0bSFNpTJdNIOnUzCzEQIoZ/gxoUibv0id/6N04fg88CFwzn3cu89QcKZ0o7zbhVWVtfWN4qbpa3tnd298v5BW8WpJNQjMY9lN8CKciaop5nmtJtIiqOA004wuZz5nTsqFYvFrc4S6kd4JFjICNZGuskG7qBccexGrdpw6ug3cW1njgos0RqU3/rDmKQRFZpwrFTPdRLt51hqRjidlvqpogkmEzyiPUMFjqjy8/mpU3RilCEKY2lKaDRXv07kOFIqiwLTGWE9Vj+9mfiX10t1WPdzJpJUU0EWi8KUIx2j2d9oyCQlmmeGYCKZuRWRMZaYaJNOyYTw+Sn6n7TPbLdmV6+rlebFMo4iHMExnIIL59CEK2iBBwRGcA+P8GRx68F6tl4WrQVrOXMI32C9fgCsjY4W</latexit>y1

<latexit sha1_base64="7Zm0+FmRriF2ZVb4JXUGftynbU4=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRSarsrunFZ0bSFNpTJdNIOnUzCzEQIoZ/gxoUibv0id/6N04fg88CFwzn3cu89QcKZ0o7zbhVWVtfWN4qbpa3tnd298v5BW8WpJNQjMY9lN8CKciaop5nmtJtIiqOA004wuZz5nTsqFYvFrc4S6kd4JFjICNZGuskG7qBccexGrdpw6ug3cW1njgos0RqU3/rDmKQRFZpwrFTPdRLt51hqRjidlvqpogkmEzyiPUMFjqjy8/mpU3RilCEKY2lKaDRXv07kOFIqiwLTGWE9Vj+9mfiX10t1WPdzJpJUU0EWi8KUIx2j2d9oyCQlmmeGYCKZuRWRMZaYaJNOyYTw+Sn6n7TPbLdmV6+rlebFMo4iHMExnIIL59CEK2iBBwRGcA+P8GRx68F6tl4WrQVrOXMI32C9fgCsjY4W</latexit>y1

<latexit sha1_base64="TLgWAc4XFmI9kz8EvBVIc6KoHiY=">AAAB6nicdVDLSsNAFL2pr1ofrbp0M1gEVyHRUttd0Y3LivYBbSiT6aQdOpmEmYkQQj/BjQtF3PpF7vwbpw/B54ELh3Pu5d57/JgzpR3n3cqtrK6tb+Q3C1vbO7vF0t5+W0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5HLmd+6oVCwStzqNqRfikWABI1gb6SYdnA1KZceuVyt1p4Z+E9d25ijDEs1B6a0/jEgSUqEJx0r1XCfWXoalZoTTaaGfKBpjMsEj2jNU4JAqL5ufOkXHRhmiIJKmhEZz9etEhkOl0tA3nSHWY/XTm4l/eb1EBzUvYyJONBVksShIONIRmv2NhkxSonlqCCaSmVsRGWOJiTbpFEwIn5+i/0n71HarduW6Um5cLOPIwyEcwQm4cA4NuIImtIDACO7hEZ4sbj1Yz9bLojVnLWcO4Bus1w+vlY4Y</latexit>y3

<latexit sha1_base64="TLgWAc4XFmI9kz8EvBVIc6KoHiY=">AAAB6nicdVDLSsNAFL2pr1ofrbp0M1gEVyHRUttd0Y3LivYBbSiT6aQdOpmEmYkQQj/BjQtF3PpF7vwbpw/B54ELh3Pu5d57/JgzpR3n3cqtrK6tb+Q3C1vbO7vF0t5+W0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5HLmd+6oVCwStzqNqRfikWABI1gb6SYdnA1KZceuVyt1p4Z+E9d25ijDEs1B6a0/jEgSUqEJx0r1XCfWXoalZoTTaaGfKBpjMsEj2jNU4JAqL5ufOkXHRhmiIJKmhEZz9etEhkOl0tA3nSHWY/XTm4l/eb1EBzUvYyJONBVksShIONIRmv2NhkxSonlqCCaSmVsRGWOJiTbpFEwIn5+i/0n71HarduW6Um5cLOPIwyEcwQm4cA4NuIImtIDACO7hEZ4sbj1Yz9bLojVnLWcO4Bus1w+vlY4Y</latexit>y3

<latexit sha1_base64="FtSLmgLkqaBLcFEO3vC4X6+fuVk=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmZCyHILevEY0SyQDKGn05M06ekZunuEYcgnePGgiFe/yJt/Y2cRXB8UPN6roqqeH3OmtOO8W7m19Y3Nrfx2YWd3b/+geHjUUVEiCW2TiEey52NFORO0rZnmtBdLikOf064/vZz73TsqFYvErU5j6oV4LFjACNZGukmH5WGx5NiNaqXh1NFv4trOAiVYoTUsvg1GEUlCKjThWKm+68Tay7DUjHA6KwwSRWNMpnhM+4YKHFLlZYtTZ+jMKCMURNKU0Gihfp3IcKhUGvqmM8R6on56c/Evr5/ooO5lTMSJpoIsFwUJRzpC87/RiElKNE8NwUQycysiEywx0Sadggnh81P0P+mUbbdqV64rpebFKo48nMApnIMLNWjCFbSgDQTGcA+P8GRx68F6tl6WrTlrNXMM32C9fgCuEY4X</latexit>y2

<latexit sha1_base64="t+M9oBHuj6aqnV+va5SQkPbfnxk=">AAAB7XicdVDLSsNAFL2pr1pfVZduBotQNyGRUttd0Y3LCvYBbSiT6aQdO8mEmYkQQv/BjQtF3Po/7vwbpw/B54ELh3Pu5d57/JgzpR3n3cqtrK6tb+Q3C1vbO7t7xf2DthKJJLRFBBey62NFOYtoSzPNaTeWFIc+px1/cjnzO3dUKiaiG53G1AvxKGIBI1gbqR2U08HZ6aBYcux6tVJ3aug3cW1njhIs0RwU3/pDQZKQRppwrFTPdWLtZVhqRjidFvqJojEmEzyiPUMjHFLlZfNrp+jEKEMUCGkq0miufp3IcKhUGvqmM8R6rH56M/Evr5fooOZlLIoTTSOyWBQkHGmBZq+jIZOUaJ4agolk5lZExlhiok1ABRPC56fof9I+s92qXbmulBoXyzjycATHUAYXzqEBV9CEFhC4hXt4hCdLWA/Ws/WyaM1Zy5lD+Abr9QM18Y7s</latexit>

f(y2)

<latexit sha1_base64="NnIVVJt2glHemGLOYeRVUOUi5W8="></latexit>

(f(y2)� y0)(y3 � y1)

(y1 � y0)(y3 � f(y2))
>

(y2 � y0)(y3 � y1)

(y1 � y0)(y3 � y2)



<latexit sha1_base64="13pVqWk4NjxhRLCV0Us+Jzuq6ao=">AAACD3icdVDLSgMxFM34rPU16tJNsKjtZshIqS10UXTjsqJ9QDuWTJppQzMPkoxShv6BG3/FjQtF3Lp159+YPgSfBy73cM69JPe4EWdSIfRuzM0vLC4tp1bSq2vrG5vm1nZdhrEgtEZCHoqmiyXlLKA1xRSnzUhQ7LucNtzB6dhvXFMhWRhcqmFEHR/3AuYxgpWWOubBhVdGELYF6/UVFiK8gd5VcjjKoty02zlYhnbHzCCrVMiXUBH+JraFJsiAGaod863dDUns00ARjqVs2ShSToKFYoTTUbodSxphMsA92tI0wD6VTjK5ZwT3tdKFXih0BQpO1K8bCfalHPqunvSx6suf3lj8y2vFyis6CQuiWNGATB/yYg5VCMfhwC4TlCg+1AQTwfRfIeljgYnSEaZ1CJ+Xwv9J/ciyC1b+PJ+pnMziSIFdsAeywAbHoALOQBXUAAG34B48gifjzngwno2X6eicMdvZAd9gvH4AKyKaPA==</latexit>

Sf < 0 ! f
0
(0)f

0
(1) < 1

F um difeomorfismo de intervalo preservando orientação



<latexit sha1_base64="1EKSOg43TgtCvlEBTo6L3ETArEw=">AAAB/XicdVDJSgNBEO2JW4zbuNy8NAZhAmGY0RCTgxAUxGMEs0ASQk+nJ2nSs9DdIxmH4K948aCIV//Dm39jZxFcHxQ83quiqp4TMiqkZb1rqYXFpeWV9GpmbX1jc0vf3qmLIOKY1HDAAt50kCCM+qQmqWSkGXKCPIeRhjM8n/iNG8IFDfxrGYek46G+T12KkVRSV9+7MEb5OHcKjeNRHrrdkRHncl09a5nlYqFsleBvYpvWFFkwR7Wrv7V7AY484kvMkBAt2wplJ0FcUszIONOOBAkRHqI+aSnqI4+ITjK9fgwPldKDbsBV+RJO1a8TCfKEiD1HdXpIDsRPbyL+5bUi6ZY6CfXDSBIfzxa5EYMygJMoYI9ygiWLFUGYU3UrxAPEEZYqsIwK4fNT+D+pH5l20SxcFbKVs3kcabAPDoABbHACKuASVEENYHAL7sEjeNLutAftWXuZtaa0+cwu+Abt9QNe/pNI</latexit>

F (x, y) = (3x, fx(y))

<latexit sha1_base64="UHyMnrU626mp2b3M3BVu2LBg62E=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovQgpRESm0XhaIblxXsA9oQJtNJO3QyCTMTaQn9FTcuFHHrj7jzb5y0FXweuHA4517uvceLGJXKst6NzNr6xuZWdju3s7u3f2Ae5jsyjAUmbRyyUPQ8JAmjnLQVVYz0IkFQ4DHS9SZXqd+9I0LSkN+qWUScAI049SlGSkuumffdadEqNawzmDK71LBds2CV69VK3arB38QuWwsUwAot13wbDEMcB4QrzJCUfduKlJMgoShmZJ4bxJJECE/QiPQ15Sgg0kkWt8/hqVaG0A+FLq7gQv06kaBAylng6c4AqbH86aXiX14/Vn7NSSiPYkU4Xi7yYwZVCNMg4JAKghWbaYKwoPpWiMdIIKx0XDkdwuen8H/SOS/b1XLlplJoXq7iyIJjcAKKwAYXoAmuQQu0AQZTcA8ewZMxNx6MZ+Nl2ZoxVjNH4BuM1w/vj5J4</latexit>

fx(0) = 0, fx(1) = 1

<latexit sha1_base64="355rQIY0BvKTn1yPrHqLiHTpKdk=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4GmYkZAEPQS8eI5oFkiH0dHqSJj09Y3ePGIb8hBcPinj1d7z5N3YWwfVBweO9Kqrq+TFnSjvOu5VZWl5ZXcuu5zY2t7Z38rt7TRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35o/Op37qlUrFIXOtxTL0QDwQLGMHaSO2roHeHTpHTyxccu1oqVp0K+k1c25mhAAvUe/m3bj8iSUiFJhwr1XGdWHsplpoRTie5bqJojMkID2jHUIFDqrx0du8EHRmlj4JImhIazdSvEykOlRqHvukMsR6qn95U/MvrJDqoeCkTcaKpIPNFQcKRjtD0edRnkhLNx4ZgIpm5FZEhlphoE1HOhPD5KfqfNE9st2QXL4uF2tkijiwcwCEcgwtlqMEF1KEBBDjcwyM8WTfWg/VsvcxbM9ZiZh++wXr9AD6tj3s=</latexit>

Sfx < 0
Existe uma função 

mensurável cujo gráfico 
separa as bacias (medidas 

físicas)

As medidas empíricas convergem
<latexit sha1_base64="+f4JvK/3EgG38EVW9/zjgBZ236I="></latexit>

en(x, y) :=
1

n

n�1X

j=0

�F j(x,y)





Schwarziana nula, implica passeio aleatório e comportamento histórico

<latexit sha1_base64="+f4JvK/3EgG38EVW9/zjgBZ236I="></latexit>

en(x, y) :=
1

n

n�1X

j=0

�F j(x,y)

Para um conjunto de medida Lebesgue total, as medidas empíricas não 
convergem



Perimetro da face i
<latexit sha1_base64="XhGIocZOEtBWaQLnWfjpQPIrqvQ=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmYkxOQW9OIxolkgGUJPpydp0t0zdPcIYcgnePGgiFe/yJt/Y2cRXB8UPN6roqpemHCmjee9O7mV1bX1jfxmYWt7Z3evuH/Q0nGqCG2SmMeqE2JNOZO0aZjhtJMoikXIaTscX8789h1VmsXy1kwSGgg8lCxiBBsr3TT6rF8seW6tUq55VfSb+K43RwmWaPSLb71BTFJBpSEca931vcQEGVaGEU6nhV6qaYLJGA9p11KJBdVBNj91ik6sMkBRrGxJg+bq14kMC60nIrSdApuR/unNxL+8bmqiapAxmaSGSrJYFKUcmRjN/kYDpigxfGIJJorZWxEZYYWJsekUbAifn6L/SevM9Stu+bpcql8s48jDERzDKfhwDnW4ggY0gcAQ7uERnhzuPDjPzsuiNecsZw7hG5zXD8L3jiU=</latexit>

Pi

<latexit sha1_base64="9olrXDf7z4lcUD4Kvtzh0CuBGeA=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPw4yEmNyCXrwZwSyQDKGn05M06e4Zu3uEMOQnvHhQxKu/482/sbMIrg8KHu9VUVUvTDjTxvPenaXlldW19dxGfnNre2e3sLff1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXUz91h1VmsXyxowTGgg8kCxiBBsrtbtXgg5wj/UKRc+tlktVr4J+E9/1ZijCAvVe4a3bj0kqqDSEY607vpeYIMPKMMLpJN9NNU0wGeEB7VgqsaA6yGb3TtCxVfooipUtadBM/TqRYaH1WIS2U2Az1D+9qfiX10lNVAkyJpPUUEnmi6KUIxOj6fOozxQlho8twUQxeysiQ6wwMTaivA3h81P0P2meun7ZLV2XirXzRRw5OIQjOAEfzqAGl1CHBhDgcA+P8OTcOg/Os/Myb11yFjMH8A3O6wd8jZBM</latexit>

⌦i Ângulo oposto a face i



Perimetro da face i
<latexit sha1_base64="XhGIocZOEtBWaQLnWfjpQPIrqvQ=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmYkxOQW9OIxolkgGUJPpydp0t0zdPcIYcgnePGgiFe/yJt/Y2cRXB8UPN6roqpemHCmjee9O7mV1bX1jfxmYWt7Z3evuH/Q0nGqCG2SmMeqE2JNOZO0aZjhtJMoikXIaTscX8789h1VmsXy1kwSGgg8lCxiBBsr3TT6rF8seW6tUq55VfSb+K43RwmWaPSLb71BTFJBpSEca931vcQEGVaGEU6nhV6qaYLJGA9p11KJBdVBNj91ik6sMkBRrGxJg+bq14kMC60nIrSdApuR/unNxL+8bmqiapAxmaSGSrJYFKUcmRjN/kYDpigxfGIJJorZWxEZYYWJsekUbAifn6L/SevM9Stu+bpcql8s48jDERzDKfhwDnW4ggY0gcAQ7uERnhzuPDjPzsuiNecsZw7hG5zXD8L3jiU=</latexit>

Pi

<latexit sha1_base64="9olrXDf7z4lcUD4Kvtzh0CuBGeA=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPw4yEmNyCXrwZwSyQDKGn05M06e4Zu3uEMOQnvHhQxKu/482/sbMIrg8KHu9VUVUvTDjTxvPenaXlldW19dxGfnNre2e3sLff1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXUz91h1VmsXyxowTGgg8kCxiBBsrtbtXgg5wj/UKRc+tlktVr4J+E9/1ZijCAvVe4a3bj0kqqDSEY607vpeYIMPKMMLpJN9NNU0wGeEB7VgqsaA6yGb3TtCxVfooipUtadBM/TqRYaH1WIS2U2Az1D+9qfiX10lNVAkyJpPUUEnmi6KUIxOj6fOozxQlho8twUQxeysiQ6wwMTaivA3h81P0P2meun7ZLV2XirXzRRw5OIQjOAEfzqAGl1CHBhDgcA+P8OTcOg/Os/Myb11yFjMH8A3O6wd8jZBM</latexit>

⌦i Ângulo oposto a face i



D. Rudenko (Inventione 2022)

<latexit sha1_base64="T0HLQruGZtKrnmiNIonMYiy2GDY="></latexit>

[ei⌦1 , ei⌦2 , ei⌦3 , ei⌦4 ] = [P1, P2, P3, P4]

Perimetro da face i
<latexit sha1_base64="XhGIocZOEtBWaQLnWfjpQPIrqvQ=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmYkxOQW9OIxolkgGUJPpydp0t0zdPcIYcgnePGgiFe/yJt/Y2cRXB8UPN6roqpemHCmjee9O7mV1bX1jfxmYWt7Z3evuH/Q0nGqCG2SmMeqE2JNOZO0aZjhtJMoikXIaTscX8789h1VmsXy1kwSGgg8lCxiBBsr3TT6rF8seW6tUq55VfSb+K43RwmWaPSLb71BTFJBpSEca931vcQEGVaGEU6nhV6qaYLJGA9p11KJBdVBNj91ik6sMkBRrGxJg+bq14kMC60nIrSdApuR/unNxL+8bmqiapAxmaSGSrJYFKUcmRjN/kYDpigxfGIJJorZWxEZYYWJsekUbAifn6L/SevM9Stu+bpcql8s48jDERzDKfhwDnW4ggY0gcAQ7uERnhzuPDjPzsuiNecsZw7hG5zXD8L3jiU=</latexit>

Pi

<latexit sha1_base64="9olrXDf7z4lcUD4Kvtzh0CuBGeA=">AAAB73icdVDJSgNBEK1xjXGLevTSGARPw4yEmNyCXrwZwSyQDKGn05M06e4Zu3uEMOQnvHhQxKu/482/sbMIrg8KHu9VUVUvTDjTxvPenaXlldW19dxGfnNre2e3sLff1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXUz91h1VmsXyxowTGgg8kCxiBBsrtbtXgg5wj/UKRc+tlktVr4J+E9/1ZijCAvVe4a3bj0kqqDSEY607vpeYIMPKMMLpJN9NNU0wGeEB7VgqsaA6yGb3TtCxVfooipUtadBM/TqRYaH1WIS2U2Az1D+9qfiX10lNVAkyJpPUUEnmi6KUIxOj6fOozxQlho8twUQxeysiQ6wwMTaivA3h81P0P2meun7ZLV2XirXzRRw5OIQjOAEfzqAGl1CHBhDgcA+P8OTcOg/Os/Myb11yFjMH8A3O6wd8jZBM</latexit>

⌦i Ângulo oposto a face i



Cross ratio and Schwarzian derivative 
walk into a bar. The bartender says, 
"Sorry, we don't serve your type here."



Cross ratio and Schwarzian derivative 
walk into a bar. The bartender says, 
"Sorry, we don't serve your type here."

So they replied, "That's fine, we'll just go 
find a conformal mapping to another pub!"


